Rules for integrands of the form Sin[a + bx + ¢ x*|"

1. jsin[a+bx+cx2] dx

1: Sin[a+bx+cx2] dx when b?-4ac=0

Derivation: Algebraic simplification

Basis: If b2 -4 ac = 0,thena+bx +cx? = (b+izx)2

Rule: If b2 - 4 a c == 0, then

b+2cx)?
;]dx
4c

Jsin[a+bx+cx2] dx — Jsin[

Program code:

Int[Sin[a_.+b_.#X_+C_.*x_"2],x_Symbol] :
Int[Sin[ (b+2xc*X) 2/ (4xC)1,X] /3
FreeQ[{a,b,c},x] & EqQ[b”2-4xaxc,0]

Int[Cos[a_.+b_.*x_+c_.*x_"2],x_Symbol] :
Int[Cos[ (b+2xcxx)"2/ (4%C)]1,Xx] /;
FreeQ[{a,b,c},x] & EqQ[b”2-4xaxc,0]



Rules for integrands of the form (d+e x)"m sin(a+b x+c x"2)"n

2:Jﬁnh+bx+cﬁ]dxMwnH—4ac¢a

Derivation: Algebraic expansion

(b+2cx)2  b2-4ac
4c 4c

Basis:a + b x + ¢ x? ==
Basis: Sin[z -w] == Cos[w] Sin[z] - Sin[w] Cos[z]
Rule: If b2 - 4 ac # 0, then

Jointavoxeexlax — con[ SE24] foin] €2 Ta-sin[ S50 s S0 o
C C c c

Program code:

Int[Sin[a_.+b_.*x_+C_.*Xx_"2],x_Symbol] :=
Cos[ (b*2-4xaxc) / (4xc) ] xInt[Sin[ (b+2xc*X) 2/ (4xC)]1,X]| -
Sin[ (b~2-4xaxc) / (4xc)]*Int[Cos[ (b+2xcxX) "2/ (4xc)]1,x] /;
FreeQ[{a,b,c},x] &% NeQ[b”2-4xaxc,0]

Int[Cos[a_.+b_.*x_+c_.*x_"2],x_Symbol] :=
Cos [ (b”"2-4xaxc) / (4xc) ] *Int[Cos[ (b+2xc*xXx) "2/ (4%xC)],X] +
Sin[(bA2—4*a*c)/(4*c)]*Int[Sin[(b+2*c*x)A2/(4*c)],x] /5
FreeQ[{a,b,c},x] && NeQ[b”2-4xaxc,0]



Rules for integrands of the form (d+e x)"m sin(a+b x+c x"2)"n

2: Jsin[a+bx+cx2]"dx whennez A n>1

Derivation: Algebraic expansion

Rule:lf neZ A n > 1,then

Jsin[a+bx+cx2]"dx — JTrigReduce[Sin[a+bx+cx2]"] dx

Program code:

Int[Sin[a_.+b_.*x_+c_.*x_"2]"n_,x_Symbol] :=
Int[ExpandTrigReduce[Sin[a+bxx+c*x"2]~n,x],x] /;
FreeQ[{a,b,c},x] && IGtQ[n,1]

Int[Cos[a_.+b_.*x_+c_.*x_"2]~n_,x_Symbol] :=

Int [ExpandTrigReduce [Cos[a+b*x+C*Xx"2] " n,X] ,x] /5
FreeQ[{a,b,c},x] && IGtQ[n,1]

X: Jsin[a+bx+cxz]"dx

Rule:

Jsin[a+bx+cx2]"dx — fsin[a+bx+cx2]"dlx

Program code:

Int[Sin[a_.+b_.#X_+C_.*X_"2]"n_.,x_Symbol] :=
Unintegrable[Sin[a+bxx+c#x"2]*n,x] /;
FreeQ[{a,b,c,n},x]



Rules for integrands of the form (d+e x)"m sin(a+b x+c x"2)"n

Int[Cos[a_.+b_.*x_+c_.*x_"2]”n_.,x_Symbol] :=
Unintegrable[Cos [a+bxXx+Cc*Xx”2]”n,x] /;
FreeQ[{a,b,c,n},x]

N:JEHWﬂ"dxWNmneZ*Av=a+bx+cﬂ

Derivation: Algebraic normalization

Rule:lf neZ* A v ==a+bx+cx?3then

J@ﬂmﬂ"dx-a Jshﬂa+bx+cxﬂ"dx

Program code:

Int[Sin[v_]"n_.,x_Symbol] :=
Int[Sin[ExpandToSum[v,x]]1"n,x]| /;
IGtQ[n,@] && QuadraticQ[v,x] & Not[QuadraticMatchQ[v,x] ]

Int[Cos[v_]"n_.,x_Symbol] :=
Int [Cos [ExpandToSum[v,x]]”n,x] /;
IGtQ[n,@] && QuadraticQ[v,x] & Not[QuadraticMatchQ[v,x] ]



Rules for integrands of the form (d+e x)"m sin(a+b x+c x"2)"n

Rules for integrands of the form (d + ex)"Sin[a + bx + ¢ x*]"

1. j(d+ex)'“sin[a+bx+cx2] dx
1. J(d+ex)msin[a+bx+cx2] dx when 2cd-be=0

1: J(d+ex) Sin[a+bx+cx*] dx when 2cd-be==0

Derivation: Inverted integration by parts withm-1

Rule:If 2cd -be = 9, then

eCos[a+bx+cx2]

J(d+ex) sinf[a+bx+cxX’] dx — -
2c

Program code:

Int[(d_+e_.*x_)*Sin[a_.+b_.*X_+C_.*Xx_"2],x_Symbol] :
-exCos[a+bxx+Cc*x"2]/ (2%C) /;
FreeQ[{a,b,c,d,e},x] && EqQ[2xcxd-bxe,0]

Int[(d_+e_.*x_)*Cos[a_.+b_.*x_+c_.*x_"2],x_Symbol] :
exSin[a+bxx+cxx”2]/(2xc) /;
FreeQ[{a,b,c,d,e},x] && EqQ[2xcxd-bxe,0]

2: J‘(d+ex)’"Sin[a+bx+cx2] dx when 2cd-be=0 Am>1

Derivation: Inverted integration by parts

Rule:lf 2cd-be =0 A m> 1,then



Rules for integrands of the form (d+e x)"m sin(a+b x+c x"2)"n

e(d+ex)™'Cos[a+bx+cx?] e (m-1)
+

j(d+ex)msin[a+bx+cx2]dx — - J(d+ex)m‘2Cos[a+bx+cx2]dlx

2c 2c

Program code:

Int[(d_.+e_.#x_ ) m_xSin[a_.+b_.#*x_+C_.*x_"2],x_Symbol] :

-ex (d+exx)~ (m-1) xCos [a+bxx+Ccx*x"2] / (2%C) +
er2x (m-1) / (2%c) *Int[ (d+exx)~ (m-2) xCos [a+bxx+Ccxx"2],x] /;
FreeQ[{a,b,c,d,e},x] & EqQ[2xcxd-bxe,0] &% GtQ[m,1]

Int[(d_.+e_.*x_)"m_=xCos[a_.+b_.*x_+C_.*x_"2],x_Symbol] :
ex (d+exx)~ (m-1) xSin[a+bsx+cxx2] /(2xc) -
e”2x (m-1) / (2xc) »Int[ (d+exx) A (m-2) Sin[a+bxx+cxx”2],x] /;
FreeQ[{a,b,c,d,e},x] && EqQ[2xcxd-bxe,0] && GtQ[m,1]

3: J(d+ex)’“sin[a+bx+cx2] dx when 2cd-be==0 A m< -1

Derivation: Integration by parts

. m+1
Basis: (d + e X)™ == 9, {drexit

e (m+1)

Basis:If 2cd-be=0,theno,Sin|a+bx+cx?| = 25 (d+ex) Cos|[a+bx+cx?]

Rule:lIf 2cd-be =0 A m< -1,then

(d+ex)™sin[a+bx+cx?] 2¢

J(d+ex)msin[a+bx+cx2] dx — J(d+ex)’“*2Cos[a+bx+cx2] dx

e (m+1) e (m+1)

Program code:

Int[(d_.+e_.#x_)"m_xSin[a_.+b_.#*x_+C_.*x_"2],x_Symbol] :=
(d+exx) ™ (m+1) *Sin [a+b*x+C*x"2]/(e* (m+1)) -
2xc/ (2% (m+1) ) *Int[ (d+exx) ~ (m+2) xCos [a+bxXx+Cc*x*2],x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[2xcxd-bxe,0] && LtQ[m,-1]



Rules for integrands of the form (d+e x)"m sin(a+b x+c x"2)"n
Int[(d_.+e_.*x_)"m_=xCos[a_.+b_.*x_+c_.*x_"2],x_Symbol] :=
(d+exx) ~ (m+1) *xCos [a+b*x+Ccxx"2] / (ex (m+1)) +

2xc/ (e”2x (m+1) ) »Int[ (d+exx) ~ (m+2) #Sin[a+bxx+c*x"2],x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[2xcxd-bxe,0] && LtQ[m,-1]

2. j(d+ex)’“5in[a+bx+cx2] dx when 2cd-be#0

1: J(d+ex) sin[a+bx+cx®] dx when 2cd-be#0

Rule:If 2cd -be # 0,then

eCos[a+bx+cx’] 2cd-be
J(d+ex) sinf[a+bx+cx’] dx — - + Jsin[a+bx+cx2]dx

2c 2c

Program code:

Int[(d_.+e_.#x_)*Sin[a_.+b_.*Xx_+C_.#x_"2],x_Symbol] :
-exCos [a+bxx+cxx"2]/ (2%xCc) +
(2xcxd-bxe) / (2+c) »Int [Sin[a+bsx+cxx 2] ,X] /;

FreeQ[{a,b,c,d,e},x] && NeQ[2xcxd-bxe,0]

Int[(d_.+e_.*x_)*Cos[a_.+b_.#*x_+c_.*x_"2],x_Symbol]
exSin [a+b*x+c*x"2]/(2*c) +
(2xcxd-bxe) / (2xc) *Int [Cos [a+bxXx+C*x"2],Xx] /;

FreeQ[{a,b,c,d,e},x] && NeQ[2xcxd-bxe,0]



Rules for integrands of the form (d+e x)"m sin(a+b x+c x"2)"n

2: J(d+ex)msin[a+bx+cx2] dx whenbe-2cd#0 Am>1

Rule:lf be-2cd+0 A m>1,then

J-(d+ex)'"sin[a+bx+cx2] dx —

e(d+ex)"™*Cos[a+bx+cx’] be-2cd

e2 (m-1
- - j(d+ex)m‘1sin[a+bx+cx2]dlx+gf(d+ex)’“‘2Cos[a+bx+cx2]dlx
2c

2c 2c

Program code:

Int[(d_.+e_.#x_) m_xSin[a_.+b_.*x_+C_.*Xx_"2],x_Symbol] :=
-ex (d+exx) ~ (m-1) xCos [a+bxx+Ccx*x"2] / (2%C) -
(bxe-2xcxd) / (2xc) »Int[ (d+exx) ~ (m-1) #Sin[a+bxx+c*x"2],x] +
enr2x (m-1) / (2xc) *Int[ (d+exx)~ (m-2) xCos [a+bxx+c*x"2],x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[bxe-2xcxd,0] && GtQ[m,1]

Int[(d_.+e_.*x_)"m_xCos[a_.+b_.#*x_+C_.*x_"2],x_Symbol] :=
ex (d+exx)~ (m-1) *Sin[a+bxx+cxx2] /(2xc) -
(bxe-2xcxd) / (2xc) *Int[ (d+exx)~ (m-1) xCos [a+bxX+Cc*x 2] ,x] -
e”2x (m-1) / (2xc) »Int[ (d+exx) ~ (m-2) xSin[a+bxx+cxx”2],x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[bxe-2xcxd,0] && GtQ[m,1]



Rules for integrands of the form (d+e x)"m sin(a+b x+c x"2)"n

3: J(d+ex)msin[a+bx+cx2] dx whenbe-2cd#0 A m<-1

Rule:lf be-2cd+0 A m< -1, then

J-(d+ex)'"sin[a+bx+cx2] dx —

(d+ex)™sin[a+bx+cx?] be-2cd 2c

J(d+ex)’"*1Cos[a+bx+cx2] dx - j(d+ex)m+2Cos[a+bx+cx2] dx

e (m+1) e2 (m+1) e (m+1)

Program code:

Int[(d_.+e_.#x_) m_xSin[a_.+b_.*x_+C_.*Xx_"2],x_Symbol] :=
(d+exx) ~ (m+1) *Sin [a+b*x+c*x"2]/(e* (m+1)) -
(bxe-2xcxd) / (e”2% (m+1) ) *Int[ (d+exx) ~ (m+1) *xCos [a+bxXx+C*x*2],Xx] -
2xc/ (2% (m+1) ) *Int[ (d+exx) ~ (m+2) xCos [a+bxXx+Ccxx*2],x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[bxe-2xcxd,0] && LtQ[m,-1]

Int[(d_.+e_.*x_)"m_=xCos[a_.+b_.*x_+C_.*x_"2],x_Symbol] :=
(d+exx) ~ (m+1) *Cos [a+b*x+c*xx"2] / (ex (m+1)) +
(bxe-2xcxd) / (e”2%x (m+1) ) »Int [ (d+exx) A (m+1) *Sin[a+bxX+CxXx" 2] ,X] +
2xC/ (e”2x (m+1) ) »Int[ (d+exx) ~ (m+2) #Sin[a+bxx+c*x"2],x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[bxe-2xcxd,0] && LtQ[m,-1]



Rules for integrands of the form (d+e x)"m sin(a+b x+c x"2)"n

2:J‘(d+ex)'“sin[a+bx+cxz]"d1xwhenn—lez+

Derivation: Algebraic expansion

Rule:lf n-1 e z*, then

J(d+ex)msin[a+bx+cx2]"dx - J(d+ex)’"Tr‘igReduce[Sin[a+bx+cx2]"] dx

Program code:

Int[(d_.+e_.#x_)"m_.*Sin[a_.+b_.*X_+C_.*X_"2]"n_,x_Symbol] :

Int[ExpandTrigReduce[ (d+exx)~m,Sin[a+bsx+c*x"2]7n,x],x]| /;
FreeQ[{a,b,c,d,e,m},x] && IGtQ[n,1]

Int[(d_.+e_.*x_)"m_.xCos[a_.+b_.*Xx_+C_.*x_"2]~n_,x_Symbol]

Int[ExpandTrigReduce[ (d+exx)~m,Cos [a+b*x+cxx"2]n,x],x]| /;
FreeQ[{a,b,c,d,e,m},x] && IGtQ[n,1]

X:J}d+exﬂshﬂa+bx+cxﬂ"dx

Rule:

J}d+exﬂshﬂa+bx+cxﬂ"dx—a~[M+exﬂshﬂa+bx+cxﬂ"dx

Program code:

Int[(d_.+e_.#x_)" m_.*Sin[a_.+b_.#X_+C_.*x_"2]"n_.,x_Symbol] :=
Unintegrable[ (d+exx) “m«Sin[a+bxx+c#x"2]*n,x] /;
FreeQ[{a,b,c,d,e,m,n},x]

10



Rules for integrands of the form (d+e x)"m sin(a+b x+c x"2)"n

Int[(d_.+e_.*x_)"m_.*xCos[a_.+b_.xx_+c_.*x_"2]"n_.,x_Symbol] :=
Unintegrable[ (d+exXx) “mxCos [a+bxX+C*Xx*2]*n,x] /;
FreeQ[{a,b,c,d,e,m,n},x]

N: fu"'Sin[v]"dlx whennezZ*Au=d+ex A v=a+bx+cx?

Derivation: Algebraic normalization

Rule:lf neZ*Au==d+ex A V=a+bx+cx?then

Ju’"sin[v]"dlx — j(d+ex)msin[a+bx+cx2]"dx

Program code:

Int[u_m_.*Sin[v_]”n_.,x_Symbol] :=
Int [ExpandToSum [u,Xx]“m%Sin [ExpandToSum[v,Xx] ]"n,x] /3
FreeQ[m,x] && IGtQ[n,0] && LinearQ[u,x] && QuadraticQ[v,x] && Not[LinearMatchQ[u,x] && QuadraticMatchQ[v,x]]

Int[u_”m_.xCos[v_]”n_.,x_Symbol] :=
Int [ExpandToSum[u,x]“mxCos [ExpandToSum[v,x]]”n,x] /;
FreeQ[m,x] && IGtQ[n,0] && LinearQ[u,x] && QuadraticQ[v,x] && Not[Linear‘MatchQ[u,x] && Quadr‘aticMatchQ[v,x]]
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